Abstract. In this paper, we give some properties on projective modules, locally cyclic projective modules and the ideal τ (M ).
Introduction
Throughout this paper all rings will be commutative with identity and all modules will be unitary.
An R-module M is called a multiplication module if every submodule N of M has the form IM for some ideal I of R ( [1] , [4] , [6] ). Recall that an ideal A of R is called a multiplication ideal if for each ideal B of R with B ⊆ A, there exists an ideal C of R such that B = CA. Thus multiplication ideals are multiplication modules. An R-module M is called locally cyclic if M P is a cyclic R P -module for every maximal ideal P of R ( [7] ).
An R-module M is called cancellation if for ideals I and J of R, IM = JM implies I = J ( [10] ). The Trace ideal, T r(M ), of an R-module M is defined as T r(M ) = Σ f ∈Hom(M,R) f (M ) and τ (M ) = ∩{I|I ⊆ R is an ideal R, IM = M }. It is well-known that if M is a faithful multiplication R-module then T r(M ) = τ (M ) (Theorem 2.6- [5] ). In this paper we prove that if M is a projective R-module then T r(M ) = τ (M ) (Theorem 2.3) and give some properties of the ideal τ (M ) and locally cyclic projective modules (Theorem 2.5, Theorem 2.7, Theorem 2.8 and Theorem 2.9).
τ (M ), Pure submodules and Locally cyclic projective modules
Ali and Smith ( [3] ) introduced the concept of idempotent submodules generalizing idempotent ideals as follows; A submodule N of an
Hence an ideal I of a ring R is pure if for every ideal J of R, JI = J ∩ I. Consequently, if I is pure then for every ideal J ⊆ I, JI = J.
We begin with the following Proposition.
Proposition 2.1. Let M be a multiplication R-module and N a submodule of M . Then N is pure in M if and only if N is a multiplication submodule of M and is an idempotent in M . Proposition 2.2. Let M be a multiplication R-module and N a submodule of M . Then N is a pure submodule of M if and only if N P = 0 P or N P = M P for any maximal ideal P of R.
Proof. Suppose that N is pure in M . Then N is multiplication and idempotent by Proposition 2.1. For any n ∈ N , Rn = (Rn :
(1−p)r ∈ N P . Therefore M P ⊆ N P and hence M P = N P . Conversely, let N P = 0 P for any maximal ideal P of R. Then (IN ) P = I P N P = 0 P and (N ∩ IM ) P = N P ∩ I P M P = 0 P for any ideal I of R. Thus (IN ) P = (N ∩ IM ) P for any maximal ideal P of R and hence IN = N ∩ IM (Corollary- [11] , p.164). If
Note that an ideal I of a ring R is pure if and only if I is multiplication and idempotent if and only if I P = 0 P or I P = R P for all maximal ideal P of R. Proof. Suppose that M is a Noetherian R-module. Let I 1 ⊆ I 2 ⊆ · · · be an ascending chain of R-submodules in R-module τ (M ). Here I i is an ideal of R.
Then 
